Abstract. In this note we address a notion of sublaplacians of sub-Riemannian manifolds. In particular for fat sub-Riemannian manifolds we answered the sublaplacian question proposed by R. Montgomery in [21, p.142] 
Introduction
In the literature the sub-Riemannian analogue of Riemannian Laplacians is Hörmander sum of squares of vector fields, see [17, 24, 2, 33, 27, 15, 31, 32, 13, 25, 26] and references therein. Let M be a smooth manifold of dimension m endowed with a smooth distribution (horizontal bundle) Σ of dimension k with k < m. If we a prior equip Σ with an inner product g c (sub-Riemannian metric), we call (M, Σ, g c ) a sub-Riemannian manifold with the sub-Riemannian structure (Σ, g c ). If Σ is integrable, it is just the Riemannian geometry. We will assume Σ is not integrable. A piecewise smooth curve γ(t), t ∈ [a, b] in M is horizontal ifγ(t) ∈ Σ γ(t) a.e. t ∈ [a, b]. The length ℓ(γ) of the horizontal curve γ(t), t ∈ [a, b] is the integral b a g c (γ(t),γ(t))dt. Denote by Σ i the set of all vector fields spanned by all commutators of order ≤ i of vector fields in Σ and let Σ i (p) be the subspace of evaluations at p of all vector fields in Σ i . We call Σ satisfies the Chow or Hörmander condition if for any p ∈ M, there exists an integer r(p) such that Σ r(p) (p) = T p M (the least such r is called the degree of Σ at p). If moreover Σ i is of constant dimension for all i ≤ r, Σ and also (M, Σ, g c ) are called regular. If M is connected and Σ satisfies the Hörmander condition, the Chow connectivity theorem asserts that there exists at least one piecewise smooth horizontal curve connecting two given points (see [6, 1, 21] ), and thus (Σ, g c ) yields a metric (called Carnot-Carathéodory distance) d cc by letting d cc (p, q) as the infimum among the lengths of all horizontal curves joining p to q. Let {X 1 , · · · , X k } be an orthonormal basis of Σ. The Hörmander operator is = k i=1 X 2 i + X 0 where X 0 ∈ Γ(Σ) is a horizontal vector field. It is easy to see that the operator in general depends on the choice of orthonormal bases. Thus is not intrinsic to the sub-Riemannian structure (Σ, g c ). Recall that the Riemannian Laplacian on a Riemannian manifold is a Riemannian invariant. Montgomery in [21, p.142] proposed the question whether there exists a canonical sublaplacian in the sub-Riemannian case. As observed by [21] , this question is equivalent to the existence of a canonical measure µ: the canonical sublaplacian ∆ and µ H where the horizontal divergence operator is defined as div
H depends only on (Σ, g c ) and the decomposition. In many cases such as nilpotent groups, contact manifolds, principal bundles with connections, and Riemannian submersions, there exists a 'natural' decomposition of T M. In particular when the sub-Riemannian metric g c is the projection on Σ of a Riemannian metric g, T M can be orthogonally decomposed as T M = Σ Σ ′ . Conversely, given a decomposition, we always can extend g c to a Riemannian metric g such that the decomposition is orthogonal. Note that such extensions are not unique. Let g be any such extension. Then for any X, Y ∈ Γ(Σ)
where ∇ is the Riemannian connection of g and P denotes the projection on Σ, see [29] .
As stated above the defined ∆ H depends on the splitting of the tangent bundle. This makes the problem delicate. We remark that for some cases such as nilpotent groups with grading Lie algebra and contact Riemannian manifolds, there is a canonical notion of the sublaplacian. Recall that the sub-Riemannian geometry of (M, Σ, g c ), i.e., the geometry of (M, d cc ), depends only on the sub-Riemannian structure (Σ, g c ), not on complements of Σ or extensions of g c . Our motivation to study sublaplacians or weakly convex function on sub-Riemannian manifolds is to extract information about sub-Riemannian geometry as much as possible by exploring functions or invariants defined intrinsicly. What should a canonical complement of Σ, and then a canonical orthogonal extension of g c be? For instance, in our opinion it is desirable (under some conditions imposed on Σ and topology of M) to find a complement of (regular) Σ and then to select an extension g of g c such that the Riemannian measure of g is just the Hausdorff Q−measure of d cc , where Q = 
where ∇ is the Riemannian connection of g. Moreover, if for any local frame of T M,
then such complement is unique.
In general, the condition in Theorem 1.1 guaranteeing the uniqueness of the complement is very strong. For most cases it is impossible. In fact this condition is just the strongbracket generating condition for Σ, see Proposition 2.1. We recall that contact structures of contact manifolds are fat.
The following theorem motivates our definition of sublaplacians, see Definition 2.6. 
Here the mean curvature H ⊥ of Σ ′ is defined as
where
are orthonormal bases of Σ, Σ ′ respectively. We note that for given Σ ′ and g, equation ( The paper is organized as follows. In the next section after proving Theorem 1.1, 1.2, we give the definition of sublaplacians. Several canonical examples are given. It turns out that our definition is compatible with the canonical sublaplcians in the literature. At the end of Section 2, a Hopf type theorem is proven for closed sub-Riemannian manifolds. The last section is devoted to the closed eigenvalue problem on compact sub-Riemannian manifolds.
Proofs, examples, and basic properties of sublaplacians
Proof of Theorem 1.
Let Σ
′ be any complement of Σ and {T β } m−k β=1 be a local basis of Σ ′ . Then
for smooth functionsĀ 
for any i = 1, · · · , k. The first part is from elementary knowledge of linear algebra. 
Proof. Denote by Σ
⊥ be the set of all sections in T * M annihilating Σ. By the Cartan formula
, it is easy to verify that Σ is strong-bracket generating if and only if dω : Γ(Σ) × Γ(Σ) → R is nondegenerate for any ω ∈ Σ ⊥ , see e.g. [21, p.70] . Now assume Σ be strong-bracket generating. For a given frame [11, 13] . If H ⊥ = 0, ∆ H explicitly depends on g ′ . (2), the penalty metric g ǫ is very useful in sub-Riemannian geometry. The reason is that when Σ satisfies the Hörmander condition and M is connected, (M, d ǫ ) (d ǫ is the Riemannian distance corresponding to g ǫ ) converges to (M, d cc ) in the sense of Hausdorff-Gromov, e.g. [20, 14, 21] . 
Remark 2.4. (1), Some authors called∆
Let e, f be any smooth (or Sobolev) functions with compact support. We abuse the notation to denote by ∇ ǫ f the Riemannian gradient of f with respect to g ǫ . Noting that
and hence
from (2.2) and the Green formula
Taking the limit ǫ → +∞ in (2.3), we by Lemma 2.3 induce
holds if and only if
By the arbitrariness off in the last equation, we deduce that (2.5) holds for any f,f ∈ C ∞ 
(M) if and only (H
where dvol is the Riemannian measure of g. Definition 2.6. Let (M, Σ, g c ) be a sub-Riemannian manifold. Fix a complement of Σ such that (1.1) holds for some extension g of g c and for some orthonormal basis of g. We define ∆ H (with respect to the splitting T M = Σ Σ ′ ) as a sublaplacian of (M, Σ, g c ). When such complement is unique (see Theorem 1.1), we call ∆ H the sublaplacian of (M, Σ, g c ).
One of the reasons we define ∆ H (not∆ H ) as a (the) sublaplacian is that ∆ H is compatible with several notions such as the horizontal Hessian and weakly convex functions on sub-Riemannian manifolds, see [28] . As already pointed out in the introduction, the laplacian in Definition 2.6 is defined for few cases. Theorem 1.1 and Proposition 2.1 tell us that the sublaplacian is well defined for fat sub-Riemannian manifolds. This make the case more interesting because fat sub-Riemannian manifolds are proven to admit no singular sub-Riemannian geodesics.
Example 2.7 (Carnot groups, [8, 23]). A Carnot group (or a stratified group) G is a connected, simply connected Lie group whose Lie algebra G admits the grading
G = V 1 · · · V l , with [V 1 , V i ] = V i+1 , for any 1 ≤ i ≤ l − 1 and [V 1 , V l ] = 0 (the integer l is called the step of G). Let {e 1 , · · · , e m } be a basis of G with m = l i=1 dim(V i ). Let X i (x) = (L x ) * e i for i = 1, · · · , k := dim(V 1 ) where (L x ) * is the differential of the left translation L x (x ′ ) = xx ′ and let T α (x) = (L x ) * e i+k for α = 1, · · · , m − k. We call the system of left-invariant vector fields Σ := V 1 = span{X 1 , · · · , X k } the horizontal bundle of G. If we equip Σ an inner product g c such that {X 1 , · · · , X k } is an orthonormal basis of Σ, (G, Σ, g c )
is a sub-Riemannian manifold satisfying the Hörmander condition which is guaranteed by the grading of its Lie algebra. The role played by Carnot groups in sub-
Riemannian geometry is similar that by Euclidean spaces in Riemannian geometry, [20] . 
and hence 
Example 2.8 (contact Riemannian manifolds, [34, 3] ). Let M be a real 2n+1-dimensional smooth manifold. An almost contact Riemannian structure (ϕ, ξ, η, g) on M consists of a (1, 1)-tensor field ϕ, a vector field ξ, a 1-form η, and a Riemannian metric g such that 
Note that the Levi form
is nondegenerate. This in particular implies that Σ satisfies the Hörmander condition. [34] .
be an orthonormal complex basis (with respect to the extended metric g) of
is an orthonormal complex basis of D ′ . For a smooth function f on M, the sublaplacian studied by [16, 19] is 
Example 2.9 (Riemannian submersions with minimal fibres, [12] 
The above examples show that our notion of sublaplacians covers the canonical ones in the literature. where dvol is the Riemannian measure of g, ν is the normal vector field of the boundary ∂M, and ds is the area measure on ∂M induced by g.
Proof.
Choose {X 1 , · · · , X k , T 
